The radiation-pressure interaction between electromagnetic fields and mechanical resonators can be used to efficiently entangle two light fields which couple to a single mechanical mode. We analyze the performance of this process under realistic optomechanical conditions, and we determine the effectiveness of the resulting entanglement as a resource for quantum teleportation of continuousvariable light signals, over large distances, mediated by concatenated swap operations. We study the sensitiveness of the protocol to the quality factor of the mechanical systems, and its performance in non-ideal situations in which losses and reduced detection efficiencies are taken into account.
I. INTRODUCTION
Entanglement is a property of particular superpositions of quantum states, and one of the most important consequences of the weirdness of Quantum Mechanics. This was first critically discussed in the seminal paper by Einstein and co-workers, now dubbed EPR [1] , where the consequences of those bizarre quantum superpositions were disputed.
In modern Quantum Information entanglement is at the basis of a protocol which gives unconditional security in quantum key distribution [2, 3] , and it is also very useful in quantum computation and metrology [4, 5] . Moreover, it has been shown that the teleportation of an unknown quantum state is obtainable when the receiver and the sender share an entangled state both in the discrete variable case [6] and in the continuous variables (CV) one [7] . Furthermore, entanglement is necessary for dense coding [8, 9] . It was also shown that entanglement sets an upper bound to the fidelity of a teleported state [10] , and therefore one should increase the entanglement in some way, as for example by entanglement distillation [11] , in order to enhance the fidelity. Recently entanglement has been distributed [12] and also qubit were teleported [13, 14] to very distant parties and this opens the door to the possibility of quantum communications between Earth and satellites [15] , and then to extend quantum communication in networks at large distance around the globe, so that a quantum internet can be envisaged [16] . However, for this purpose it is necessary to realize quantum repeaters or at least faithful quantum relays [17, 18] .
In the last decade there has been a great activity about what it is now known as cavity optomechanics and several theoretical results were obtained showing the potentiality of entangling mesoscopic or nanoscopic systems with optical or microwave modes [19, 20] . Very recently, the pulsed technique first described in Ref. [21] has been used to entangle the microwave mode fluctuations of a superconducting cavity with those of a microscopic oscillator coupled to it via a capacitor [22] .
To have entanglement it is necessary that at least two systems share those bizarre quantum superpositions. At optical level in a paper published years ago [23] , and more recently in [24] [25] [26] , it was shown that a microscopic mechanical oscillator can be used to mediate entanglement or to realize efficient state transfer between two distinguishable optical modes interacting with it. This result is of course also valid considering two electromagnetic modes at very different frequencies such as microwave and optical [27] . Very recently the conversion of a classical field from microwave to higher optical frequency via a microscopic mechanical resonator was experimentally obtained and it seems possible to extend the result to the conversion of quantum states as well [28] .
Large entanglement is a necessary condition in order to get high fidelity teleportation. Here we will show that the entanglement produced with optomechanical devices can be combined with the swapping protocol introduced in [30, 31] , in order to realize distant communications with continuous variables [29] . In particular, we will show that, using an optomechanical device with entangled output optical modes, it is possible to transfer with good fidelity quantum information between two distant parties at telecom wavelength, after a continuous far-red frequency Bell measurement is performed in a location halfway between sender and receiver. It is worth saying that also choosing near infrared wavelengths slightly different from the previous we would obtain the same result. We will then show that by concatenating a number of these devices, one could teleport with good fidelity an unknown coherent state at a much longer distance, even in the presence of losses and non-unit detection efficiency.
The paper is organized as follows. In Section II we shortly introduce the model and review some known results. In Section III, we consider two parties possessing identical devices able to generate entanglement at different frequencies in the steady state, and we calculate the fidelity of teleportation between parties which have never interacted, by using CV entanglement swapping, thus realizing a CV quantum relay. Section IV is devoted to the analysis of long-distance CV teleportation by means of a chain of concatenated swaps. The effect of photon losses and finite detection efficiency are considered in Section V. Finally, section VI is for conclusions and further considerations.
II. THE MODEL
We consider a Fabry-Perot cavity with an oscillating end mirror [19] . Two modes of the cavity, at frequencies ω a (mode A) and ω b (mode B) are driven, respectively, by two optical fields of frequencies ω La /2π, and ω Lb /2π with powers P a and P b . The perfectly reflecting end mirror of the optical cavity oscillates at frequency ω m /2π along the cavity axis, and couples to the electromagnetic fields with strengths g j = /mω m (ω j /L) , where the index j = a, b distinguish the two light modes, L is the equilibrium cavity length, and m is the effective mass of the end mirror. Moreover, the cavity modes can lose photons at rates κ j and the mirror dissipates mechanical energy at rate γ in a thermal bath a temperature T , and with n th average thermal phonons. The corresponding Hamiltonian is given by [23, 32] 
where,â(b) andâ † (b † ) are the annihilation and creation operators for the optical cavity modes, and fulfill the bosonic commutation relations [â,
, whileq andp denote the dimensionless position and momentum operators of the mechanical mode, and satisfy the relation [q,p] = i. Finally, the last line in Eq. (1) accounts for the external pumping of the cavity modes where the driving strength E a (E b ) is related to the input laser power P a (P b ) by the realation
The optomechanical dynamics is in general non-linear, but it can be linearized around the mean-filed stationary solution when the driving power is sufficiently large. Then, the steady state of the resulting Gaussian linear dynamics can be easily solved in the Fourier domain.
Entanglement between output optical modes. We are interested in the entanglement between two optical modes at the output of the opto-mechanical cavity. According to the input-output theory [33] , the operators for the output fields are related to the cavity operators and to the input noise operators by the relation
where the only non-zero correlation functions of the input operators are â in (t)â † [34] . The entanglement of the output modes can be analyzed in terms of temporal modes, appropriately filtered form the total field with specific filter functions [19, 35] , which can be expressed in time and Fourier domains as
where θ(t) is the Heaviside step function, and Ω j and 1/τ j are, respectively, the central frequency and the bandwidth of the filter j. The corresponding filtered fields are described by the causal bosonic annihilation operatorŝ
Since the system is Gaussian, all the information about the output light is contained in the first and second moments of the field operators. In particular, it is convenient to introduce the quadraturesX out ,Ŷ out of the filtered output modes, that are defined by the relationα out,Ωα = (X out,α + iŶ out,α )/ √ 2 withα =â,b, and fulfill the commutation relations [X out,α ,Ŷ out,α ] = i. Hence, the entanglement properties of the output modes can be extracted by the analysis of the corresponding covariance matrix, whose elements are defined as
T is the column vector of the filtered output mode quadratures, with the superscript T indicating transposition.
The stationary solution for the covariance matrix V out can be readily obtained employing the strategy discussed in Ref. [19] . Specifically it can be expressed as
where P out is the diagonal matrix
A is the matrix of coefficients of the system of quantum Langevin equations for the field quadratures and the position and momentum of the mechanical oscillator and it is defined as
D is the corresponding diffusion matrix and it is diagonal and defined as
, and finally T (ω) is a 4 × 6 matrix which contains the filter functions and is defined as [19, 27] . We note that the matrix T (ω) is constructed as a non-square matrix in order to select only the output field operators, so that V out is, indeed, a 4 × 4 matrix for the output field correlations. We remark that the system is stable and can reach a steady state only if all the eigenvalues of the matrix A have negative real part. In general, explicit stability conditions can be obtained by applying the Routh-Hurwitz criterion [36] . In the following we describe the corresponding entanglement that is generated in the steady state of realistic optomechanical devices (hence, corresponding to the regime of optomechanical stability), and we discuss its dependence on the quality factor Q m = ω m /γ of the mechanical resonator.
Stationary output entanglement between mode A and mode B: It is convenient to express the 4 × 4 covariance matrix of the reduced Gaussian state of the two filtered output fields V out , in terms of 2x2 matrices (whose specific form can be evaluated following the procedure discussed in Ref. [19] ) as
with A and B symmetric. Here we measure the corresponding entanglement in terms of the logarithmic negativity E N [37] [38] [39] , which, for Gaussian states is be defined as [40] 
where η − is the smallest symplectic eigenvalue of the partially transposed covariance matrix; And it can be expressed as [41] η − = 2
In general the entanglement of the output modes is realized when the detunings, ∆ j with j = a, b, between the frequencies of the driving fields and that of the corresponding cavity modes have opposite sign, and coincide in modulus with the mechanical frequency ω m [27] . In Fig. 1 , we assume this condition (∆ a = −∆ b = ω m ), and we study the logarithmic negativity between the two output modes as a function of the central frequency Ω a of the filter of the output mode A, when the frequency of the filter of the output mode B is fixed at Ω b = ω m , and for two different [27] values of the Q-factor of the mechanical resonator; Specifically the blue dotted curve corresponds to Q m = 10 5 and the red solid curve to Q m = 10
7 . These results demonstrate that the entanglement between the two optical output modes is optimized when the filtered modes fulfill the resonance condition Ω a = −Ω b = ω m . Moreover, we observe that the logarithmic negativity is significantly sensitive to the mechanical quality factor, and it increases for increasing values of the Q. We finally remark that the results of Fig. 1 demonstrate that a realistic optomechanical interaction is able to entangle efficiently fields at two significantly different frequencies and which could be of particular interest for establishing long distance quantum communication. In particular, Fig. 1 describes the entanglement between two near infra-red fields, one at telecom wavelength and the other at larger frequency, close to visible, at far-red wavelength and falling within a transparency frequency window for optical communications through the atmosphere. Such entanglement could provide a useful tool for circumventing the limitations due to photon losses in quantum communication along telecom fibers, as we shall see in the next Section.
III. STEADY STATE ENTANGLEMENT SWAPPING
In general the distances over which it is possible to transmit entangled resources is limited by the unavoidable noise which affect any transmission process. These limitations can be partially overcome, for example, using multiple entanglement sources and swapping operations. In this section we describe how two copies of the CV entangled light generated by two distant devices similar to that described in the previous section can be used to extend the entanglement to enhanced distances. This can be realized by sending two outputs at the same frequency of the two devices to an intermediate location, where a Bell-measurement is performed. This approach, hence, realizes a trusted quantum relay [17, 18] . The states of the two entangled sources are equal and they are characterized by covariance matrices of the form of Eq. (9). We distinguish the two matrices using different indices, namely V AC and V BC for the state generated form the first and second source respectively. Two output fields, one from each source are sent to the distance locations at Alice and Bob sites, respectively. This is indicted by the corresponding symbols A and B. On the other hand, the remaining output fields are sent to Charlie, in an intermediate location, and this is indicated by the symbol C in the indices of both the matrices. We now follow the procedure of entanglement swapping between CVs as described in [42] . To be specific, we introduce the following notation for the two covariance matrices
however, keeping in mind that, in reality, V AC and V BC are assumed to be equal and the different symbols are used to clarify the description of the swapping dynamics. In continuous variables, Bell measurements are realized with balanced homodyne detections. In the swap protocol this is realized by Charlie on two modes at the same frequencies, whose quadrature operators areX In the present case we choose the two outputs at the far-red frequency so that at the end of the protocol the two modes at telecom frequency become entangled without ever having interacted. The balanced homodyne detection performed by Charlie realizes the measurement of the commuting quadratures (X We indicate the result of the corresponding measurements with the parameter x − and y + respectively. After the Bell measurement the two telecom fields are in a two-modes squeezed state with non-zero average field. The corresponding covariance matrix takes the form [42] [43] [44] 
where M is the symmetric matrix M = ZC 1 Z + C 2 , with Z = Diag(1, −1). Moreover the vector for the averages of the field quadratures
T (also called displacement or drift vector), is given by
where
T is the vector of the results of the bell measurement. The entanglement of the sate shared by Alice and Bob can be measured in terms of the logarithmic negativity, which is readily computed applying its definition, Eq. (10), to the covariance matrix V AB . Specifically we can use Eq. (14) and the definition of M to express V AB in terms of the elements of the matrix in Eq. (9). The result is
with 
and .
These matrices can then be used to compute the symplectic eigenvalue as in Eq. (11) and, hence, the logarithmic negativity. The corresponding results are shown in Fig. 2 where we observe that the entanglement is reduced with respect to that of the initial resources (see Fig. 1 ) as expected for swapping operations realized with non-maximal entanglement. In particular, we note that, in the continuous variable case, the entanglement can never reach the maximum set by the infinitely squeezed state, since it corresponds to an unphysical situation with infinite energy. Teleportation Fidelity: The amount of swapped entanglement can also be characterized in terms of its effectiveness as a quantum channel usable for quantum teleportation. In particular, we can analyze the performance of the quantum channel realized by the swapping protocol in terms of the fidelity for the teleportation of a pure coherent state from Alice to Bob. In CV teleportation protocols, Alice mix on a beam splitter the state to be teleported with the part of the entangled state in her hand. Then she perform a Bell measurement over the field, and communicate the corresponding result to Bob who have to perform specific displacement operations, conditioned on the result of the measurement, in order to obtain the teleported state. In practice, the state to be teleported is a signal of finite duration set by its coherence time τ c . Correspondingly all the detection processes are in reality done over corresponding finite time intervals. Therefore, in order for the stationary description of the system dynamics to be valid the coherence time of the signal have to be much larger then the time needed by the entangler device to reach its steady state.
The corresponding teleportation fidelity is most easily described in terms of the Wigner's characteristic functions [43] of the channel Φ ch (µ A , µ B ) and of the input state to be teleported Φ in (µ). To be specific
where µ A and µ B are the complex phase-space variable for the two modes and − → µ AB is the vector of the corresponding real and imaginary parts defined as
T ; furthermore the characteristic function for the input state, with covariance matrix V in and drift vector
where now the phase space variable is µ and
T . Specifically, here we consider the teleportation of a coherent state for which V in = Diag(1/2, 1/2). The corresponding teleportation fidelity averaged over all the possible measurement results obtained by Alice, is then given by [43] 
Here the quantity δ accounts for a possible displacement operation that Bob should perform on his side to balance the channel displacement [43] . In our case this is due to the drift induced by the swap operation, that is defined in Eq. (15), and which depends on the values, x − and y + , of the homodyne measurements performed by Charlie. In order for Bob to correctly balance this displacement he should have knowledge of x − and y + . These values are therefore communicated to Bob by Charlie over a classical channel. Once the corrective displacement is performed by Bob, the resulting teleportation fidelity becomes [42, 43, 45 ]
with where we have used the fact that the two entangler devices are equal and, therefore, A = B and C 1 = C 2 = C. In Fig. 3 we represent the fidelity of the teleported initial coherent state as a function of the frequency of the fields filtered from the far-red output modes, and at fixed values, Ω b = ω m , of the frequency of the fields filtered from the modes at telecom wavelength. We observe that the maximum of the fidelity is slightly shifted with respect to the position of the maximum of the entanglement, which is found at Ω a = −ω m . This behaviour is due to the non perfect choice of the combination of the modes measured by Charlie and Alice in the swapping and in the teleportation protocols respectivelly. In any case, the fidelity respect the bound defined in Ref. [10] , that is given by
where E N is the logarithmic negativity of the quantum channel. We finally remark that, the coincidence between maximum entanglement and maximum fidelity can be attained by performing appropriate local rotations of the field quadratures at Alice's and Charlie's sites. We note that being local these rotations do not affect the entanglement, but only the fidelity. The maximum at Ω a = −ω m is recovered by maximizing the fidelity over the local rotations, as it is shown in Fig. 4 . Together with the coincidence of the maxima, we observe that the fidelity reaches the maximum value set by the bound in Eq. 24.
IV. IV. CONTINUOUS VARIABLES CONCATENATED SWAPS
Quantum communications over larger distances can be realized with a series of concatenated swaps over many entangled pairs [46] . However, as we have already seen, every swap operation reduces the amount of entanglement. This impose a trade-off between maximum swapped entanglement and maximum attainable distance with this kind of system. Furthermore, in general, the amount of resources needed for relay-based large-distance quantum communications scale exponentially with the distance [47] . Notwithstanding, in the lack of CV quantum repeaters this approach is surely better than the short distance bound imposed by CV quantum protocols [48] .
Here we consider a series of equal optomechanical devices to produce several entangled field pairs usable for concatenated swapping operations and we analyze the performance in generating large-distance entnaglement. These devices have to be arranged as in Fig. 2 , where now the characters are Alice, Bob and three Charlies. In particular, the two modes used to perform each intermediate Bell measurement have the same frequency, and correspondingly, the end fields at Alice and Bob sites are two fields at telecom frequency. The protocol consists of three swaps, of the kind discussed in the previous section, realized by the three Charlies halfway between two successive devices. The state of each pair of filtered fields generated by the four devices is described by a covariance matrix equal to Eq. (9). Here we include an index ∈ {1, 2, 3, 4} to distinguish the four entangled pairs so that the initial covariance matrices can be expressed as
keeping in mind, however, that we assume that they are all equal. After the first swap performed by Charlie 1 (see Fig. 5 ) the field at Alice's site gets correlated with one of the fields of Charlie 2, and they are described by the covariance matrix
with M 1 = ZC 1 Z + C 2 = M 1 T and which, of course, coincide with Eq. (14) . After the second swap we get similarly, the covariance matrix for the correlated fields shared by Alice and Charlie 3
with M 2 = ZC (1) sw Z + C 3 = M 2 T , and finally, after the third swap, the remaining fields at Bob's and Alice's sites are described by the matrix
with
The corresponding logarithmic negativity is shown in Fig. 6 . It demonstrate a significant amount of entanglement shared by Alice and Bob, and correspondingly a potentially usable quantum Gaussian channel. As in the previous section, its efficiency can be characterized in terms of the teleportation fidelity. We remark that in this case, in order to balance the channel drift induced by the swap operations, Bob have to take into account the results of all the intermediate measurements. The corresponding fidelity for the teleportation of a coherent state optimized over the local rotations, as discussed in the previous section, is reported in Fig. 7 .
V. V. EFFECT OF LOSSES IN THE CV CONCATENATED SWAPS
So far we have considered no losses with perfect transmission between the various nodes involved in the concatenated swap protocol and unit detection efficiencies. In reality, the detection is never perfect and any transmission process is affected by losses of various physical nature, which result in the attenuation of the transmitted signal. Here we take into account detection inefficiencies and losses of the transmission channels, of length l between the entangler devices and the detection sites, in terms of the phenomenological quantum efficiency η = η 0 e αl , where η 0 is the homodyne detection efficiency of all the measurement devices used by the three Charlies, and α the transmission loss in dB/km [46] . We note also that the effect of the losses can be modeled as an additional beam splitter on the transmission channel with vacuum noise input in the second port.
Assuming equal losses for all the fields, their effect on the covariance matrices is simply expressed by the formula
where V is defined in Eq. (25) and 1 is the identity matrix. The concatenated swapping protocol remains, therefore, equal to that described in the preceding section, but now it is applied to the matrices in Eq. (29) . In this case the corresponding logarithmic negativity of the generated end-to-end entanglement and the teleported fidelity depend on the detection efficiency η 0 and the loss parameter α. According to Ref. [49] , in the case of extremely clear day with visibility between 50-150 km the loss in free space varies between 0.04 and 0.005 dB/km for a laser with 850 nm or 1550 nm central frequency. Assuming the best value and considering the free space between the devices to be 40 km and a homodyne quantum efficiency of η 0 = 0.95 we find the curves reported in Fig. 8 for the logarithmic negativity, and in Fig. 9 for the optimized fidelity. In this case we see the dramatic effect of η especially on the fidelity which, in the case of low Q-factor, goes below the limit for the teleportation of nonclassical states, which is set at 2/3. Since we cannot decrease the loss factor maintaining the same distance l the only way to have a better fidelity is to enhance the homodyne detection efficiency, or to choose a shorter distance. In particular if we set the detection efficiency at η 0 = 0.99, as shown in Fig.10 , the transmission fidelity is significantly increased and exceeds the 2/3 limit.
VI. CONCLUDING REMARKS
We have shown that the entanglement generated with optomechanical systems can be efficiently exploited for quantum communications between distant sites. Specifically we have seen that consecutive swap operation performed over a series of entangled fields pairs, generated with optomechanical systems, may serve to distribute entanglement over large distances. Such generated entanglement can be used as a channel for efficient quantum communications. We have characterized its efficiency in terms of the corresponding fidelity for the teleportation of coherent states, showing that using mechanical resonators with very high Q-factor it is possible to extend the quantum communications, of telecom stationary signals, up to hundreds of kilometers. Such distances are mainly limited by the homodyne detection efficiency and by the quality factor of mechanical device. In principle larger distances can be be covered employing more elaborated strategies that include distillation stages at each swap.
In practice it seems favorable to have Charlie on a low-orbit satellite, and the entangler devices on distant high mountain telescopes. In this condition, the entangled components at the far-red wavelength that we have chosen, can be efficiently transmitted from the earth sites to the satellite, trough the atmosphere, which can be estimated of around 20 Km. The other components of the entangled fields are instead sent, over telecom fibers, to the distant Alice and Bob, that perform the teleportation protocol. In this scenario the technological difficulties would be time synchronization, satellite tracking and a wide detection surface on the satellite. However these issues do not seem more problematic than those usually encountered in classical Earth-satellite communications. Similar considerations have been addressed in Ref. [50] , where quantum key distribution has been realized between an airplane and a ground station using advanced pointing and tracking systems.
